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PERFECT MAPPINGS

AND CERTAIN INTERIOR IMAGES OF M-SPACES(i)

BY

J. M. WORRELL, JR. AND H. H. WICKE

ABSTRACT. The main theorems of this paper show that certain conditions

(called  A  , A,, ß , and  ß )  are invariant, in the presence of   T.-regularity, under

the application of closed continuous peripherally compact mappings.  Interest in

these conditions lies in the fact that they may be used to characterize certain

regular   T    open continuous images of some classes of Af-spaces in the sense of

K. Morita, and in the fact that they are preserved by open continuous mappings

with certain appropriate additional conditions.  For example, the authors have

shown that a regular T.-space is an open continuous image of a paracompact Cech

complete space if and only if the space satisfies condition  A,   IPacific J. Math.

37 (1971), 265—275J.  Moreover, in the same paper it is shown that if a completely

regular /''„-space satisfies condition  A,   then any   T    completely regular open con-

tinuous image of it also satisfies   A,.  These results together with the results of

the present paper and certain known results lead to the following theorem:   The

smallest subclass of the class of regular 7^-spaces which contains all paracom-

pact Cech complete spaces and which is closed with respect both to the applica-

tion of perfect mappings and to the application of open continuous mappings pre-

serving /".-regularity is the subclass satisfying condition  A,. Similar results are

obtained for the regular T„-spaces satisfying  A  , ß,, and ß . The other classes

of M-spaces involved are the regular   T~   complete Ai-spaces (i.e., spaces which

are quasi-perfect preimages of complete metric spaces), 71-   paracompact M-spaces,

and regular   T    Ai-spaces. In the last two cases besides the interiority of the map-

pings the notion of uniform A-completeness, which generalizes compactness of a

mapping, enters. (For details see General Topology and Appl.   1 (1971), 85—100.)

The proofs are accomplished through the use of two basic lemmas on closed

continuous mappings satisfying certain additional conditions.

1. Introduction.  The main theorems of this paper display some invariants of

perfect mappings and certain other closed continuous mappings having regular  T„

domains.  The invariants are given in the form of certain sequence conditions  A  ,
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A  , ß  , ß      These were introduced in [15], where examples and discussion may be

found.

Some reasons for interest in these conditions may be elicited from the follow-

ing results:   I.  A regular  T.-space is an open continuous image of a paracompact

Cech complete space (regular  T„  complete M-space(2)) if and only if it satisfies

condition A, (A ).  II.  A regular Tn-space is an open continuous uniformly A-com-

plete^) image of a paracompact M-space (regular Tn  M-space)  if and only if it

satisfies   ß, iß ).    (The sufficiency part of these theorems is proved in [15].  The

proof of necessity is to be submitted.)

Consider the first parts of I and II.   Frolik [4] showed that perfect mappings

between Tychonoff spaces preserve Cech completeness and Michael [9] showed

that closed continuous mappings preserve   T2  paracompactness.   Filippov [2] and

Ishii [6] showed that perfect mappings preserve the property of being a  T2  para-

compact M-space (equivalently, a  T2  paracompact p-space).  However from [14] it

follows that there exists an open continuous uniformly A-complete mapping of a

complete metric space onto a space which is neither paracompact nor an M-space.

With regard to the second parts of I and II, Morita gave an example [13] of a per-

fect mapping of a Hausdorff locally compact M-space onto a space which is not an

M-space.  Contrastingly, Theorem 2.1 may be applied with the propositions of I

and II to obtain the following results.

Theorem 1.1.   The smallest subclass of the class of regular T^-spaces which

contains all paracompact Cech complete spaces irespectively, all regular T.   com-

plete M-spaces) and which is closed with respect both to the application of per-

fect mappings and to the application of open continuous mappings preserving T„-

regularity is the subclass satisfying condition A    {respectively, condition A  ).

Theorem 1.2.   The smallest subclass of the class of regular T„  spaces which

contains all paracompact Hausdorff p-spaces {respectively, all regular Tn-M-

spaces) and which is closed with respect to both the application of perfect map-

pings and to the application of uniformly ^-complete open continuous mappings

preserving T^-regularity is the subclass satisfying condition  ß,   {respectively,

condition ß  ).

Another point of interest arises from Worrell's example [22] of a p-space which

is mapped onto a space which is not a /»-space by a perfect mapping.  The authors

have introduced and elaborated the concept of a //-space [17] in which the finite

intersection property of the /»-space concept is replaced with a decreasing sequence.

(2) A topological space is said to be a complete M-space if and only if it is a quasi-

perfect pre-image of a complete metric space. The term M-space is used in the sense of

Morita [l2].

(') Uniformly A-complete mappings are defined in [l5j.
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Below it is shown that a completely regular T.-space is a ¿¿-space (complete //>

space) if and only if it satisfies ß, (A,).   Thus the result that such spaces are pre-

served by perfect mappings with completely regular  T.  domains shows a signifi-

cant difference between the concept of a fi-space and that of a /j-space.

Two final remarks of a general nature remain to be made.  The general topic

of this paper concerns principles of uniformization for topological spaces.  Exam-

ination of the definitions below shows that the sequence conditions given are vari-

ations of a fundamental uniformization principle in the first countable case: the

property of being an essentially  T.   space having a base of countable order.  This

is clear on recalling that a space has this property if and only if there exists a

monotonically contracting sequence (y  )  of collections of open sets covering the

space such that if  (G  )  is a sequence such that each  G     , C G  , each  G    6 C   ,r 72 ^ 72 + 1 72' 72 °" 77

and x e (I \G, : k 6 N\, then  \G, : k e N\ is a base at x [19].   This helps account

for a close relationship in method of the present paper to methods of previous

papers treating bases of countable order and developable spaces (cf. especially

[19],  [20],  [21])  and  also for the  essential  unity  of treatment  of the proofs  of

of the  main results.   The  present  article  shows  the  satisfactory behavior of

the principles of uniformization A  , A,, ß  , ß,  under perfect mappings.   Our final

remark is to call attention to the important role which compactness in the sense

of Frechet [3l plays in the concepts and in the proofs of the principal results.

Notation and terminology.   The notation and terminology used here conforms

closely with that of Kelley [7].   If A   is a set, Fr(A) denotes the boundary of A

and  Int(A) denotes the interior of A.  The letter  N denotes the set of positive

integers, and letters   i, j, k, and  n are used to signify members of  N.  The nota-

tion ill )     .,  is used for a sequence, i.e., a function  U with domain  N; this nota-
72    72É/V

tion will be abbreviated to  ((/  ).  A sequence  (U )  of sets is said to be decreas-
72 72

ing if and only if, for each  n,   U     , C U  .  A representative of a sequence  (Cl  )  of

sets is, by definition, a sequence  (B )   such that, for each n,  B   € Cl  .  A map-

ping is said to be peripherally compact if and only if the inverse image of every

point has a compact boundary.   A mapping is said to be quasi-perfect E13j (perfect)

if and only if it is a closed continuous mapping such that the inverse image of

every point is countably compact (compact).   If Cl  is a collection of sets   U Cl

denotes the union of the collection.  An expression such as   " LJ J U M"  denotes

the union of   U J   and M.
■

2.   Definitions and results.  The definitions of the basic concepts and the

statements of the main theorems are given here.   A discussion of the conditions of

Definitions 2.2 and 2.3 together with examples is given in [l5l.

Definition 2.1 [18].  Let  M C X. A sequence  (C  )  of collections of subsets of* 72

X covering  M  is said to be a monotonically contracting sequence of M  in X if

and only if, for each n € N, if x € A € C    and x e M, there exists   B € C     .   such
'      ' n ' 72 + 1
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that x € B C A.  If M = X, the sequence is called monotonically contracting.

Definition 2.2 [15].  A topological space  X is said to satisfy condition A   (A.)

if and only if there exists a monotonically contracting sequence  (y  )  such that:

(1) Each y    is a collection of open subsets of X  covering  X. (2) If (G  )  is a de-

creasing representative of (y  )  and each  G     is nonempty then  B = fl ¡G^: n € N]

is nonempty and countably compact (compact) and   U open and  B C U implies that

some  G, C U.

Definition 2.3 [15].   A topological space  X is said to satisfy condition ß   (/3fe)

if and only if there exists a monotonically contracting sequence  (y  ) such that:

(1) Each  y     is a collection of open subsets of X  covering  X.  (2) If (G  )  is a de-

creasing representative of (y  ) then if  B = Il i G  : n € N\ is nonempty it is count-

ably compact (compact) and  U  open and B C U  implies that some  G, C U.

Theorem 2.1.  Suppose X  is a regular T^-space and there is a peripherally com-

pact closed continuous mapping of X  onto  Y.  If X satisfies any of the conditions

A , A , ß  , or ß,   then  Y satisfies the same condition.

Theorem 2.2.  Suppose f is a closed continuous mapping of a regular T^-space

X onto a space  Y such that if U  is open in   Y and y € U  there is a sequence

{V )  of open sets containing y such that any representative of {V ) has a cluster

point in  l/.(4) Also suppose that for each y € Y, if K  is a collection of open sub-

sets of X covering Fr (/ ™   (y)), then there exists a point-countable collection of

open sets covering Fr(/~   (y)) and refining H.   Then if X satisfies any of the

conditions  A  , A  , ß  , or ß,   then   Y satisfies the same condition.

The concepts defined just below have been introduced and elaborated in [17].

The class of //-spaces includes the class of p-spaces of Arhangel skii [l], and the

class of complete //-spaces includes the class of Cech complete spaces.  The in-

troduction of these concepts permits a more satisfactory theory of invariance under

peripherally compact closed continuous mappings and certain open continuous map-

pings as is shown by Theorem 2.3 and the results of [l5], respectively.

Definition 2.4 [17].  A Tj-space  X  is called a p-space if and only if there

exists a sequence  (y )  of collections of open subsets of the Wallman compactifica-

tion cúX of X  such that: (1)  (y  )  is a monotonically contracting sequence of X

in coX. (2) If (G  )  is a decreasing representative of (y  ), then if (| ÍG  : n e N]

contains a point of X  it is a subset of X.

Remark 2.1.  If X  is a completely regular T.-space, then X  is a //-space if

and only if there is a monotonically contracting sequence  (§ )  of X  in  bX  of col-

lections of open subsets of some   T'2  compactification  bX of X having property

(2). In this case if there is such a sequence in some  T'    compactification, there is

one in every  T2  compactification.

(   ) I.e., Y  has a base each element of which is a g-space in the sense of [lO].
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Remark 2.2.  Lemma 3.6 gives an intrinsic characterization of completely regu-

lar  Tn  /t-spaces.

Definition 2.5 [18].   A subset  M   of a topological space  X  is said to be a set

of interior condensation  in  X  if and only if there exists a monotonically contract-

ing sequence (§ ) of M in X of collections of open subsets of X covering M such that if

(G )  is a decreasing representative of (C,  )  then   f I \G  : n e N\ C M.

Definition 2.6.  A completely regular  T.-space  X  is called a complete pL-space

if and only if it is a set of interior condensation in its Stone-Cech compactifica-

tion.

Remark 2.3.  A complete /¿-space is a set of interior condensation in any of its

T    compactifications (indeed, in any Hausdorff space in which it can be densely

embedded).  This justifies the alternative terminology of set of absolute interior

condensation and shows that this generalizes the idea of Cech completeness.

Remark 2.4.   Lemma 3.6 gives an intrinsic characterization of complete p-

spaces.  For another characterization and further information see [18].

Theorem 2.3. Suppose X and Y are completely regular Tfí-spaces and there

is a peripherally compact closed continuous mapping of X onto Y. Then if X is

a p.-space (respectively, a complete p.-space) so is  Y.

Theorem 2.4.  Suppose  X and Y are completely regular T^-spaces and f is a

closed continuous mapping of X  onto  Y.  If f and Y  have the properties stated in

the hypothesis of Theorem 2.2, then if X  is a pL-space (respectively, a complete

p-space) so is   Y.

3. Lemmas on closed mappings; other results.  The first two lemmas below

state equivalent forms of the basic conditions in the regular  TQ  case which are

convenient for use in the proofs.  The next three lemmas are useful in several

proofs.   Lemma 3.6 characterizes completely regular  T„ /¿-spaces and complete

/¿-spaces in terms of conditions  ß,   and A    respectively.  Lemma 3.7 is a funda-

mental lemma on closed mappings.  The key idea of the proof is found in the proof

of the Lemma of [2l].   Lemma 3.8 is the main lemma used in proving the theorems.

It is similar to other lemmas used in first countable cases in [20], [2l].

Lemma 3.1 [15].  Suppose  X  is a regular T^-space.   Then in X  the condition

A (A.)  is equivalent to: There exists a sequence  (y  )  of collections of open sets

covering  X such that: (1)  For each  n£N,ifx£G€^)     there exists  G   £ C,

such that x £ G    and G   C G.  (2)  // (G )  is a sequence such that 0 / C     , CG
' n l ^ 72 + 1 72

£ y    for all n £ N, then B = ft \G  : n £ N\  is nonempty and countably compact

(compact) and every open  U which includes  B  also includes some  G  .

Lemma 3.2 [15]. // X is a regular TQ-space the condition ß iß.) is equiva-

lent to the condition obtained from that of Lemma 3.1 by replacing (2) with:
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(2 )  // (G  )   is a sequence such that G     .CG    eQ     for all n e N, then  B =
n * n + t n      ^ n   ' '

II IG   : rz e Ni  is countably compact {compact) and if B   is nonempty every open  U

which includes  B  also includes some  G  .
n

Definition 3.1.  If S   is a subset of a set  X a sequence  (K  )  is said to be a

primitive sequence [16] of S  in  X  if and only if for each  n € N these conditions

are satisfied: (1) Ji     is a well-ordered collection of subsets of X  covering S.  (2)

If  H 6 H     there exists  x € H n S not in any predecessor of  H.  (3)  If x £ S, n < k,

and  H and  H   ate the first elements of H     and K     respectively, that contain  x,

then  H Z> H'.

Lemma 3.3 [l6].   // S   is a subset of a set X and (y  )  is a monotonically con-

tracting sequence of S   in  X, there exists a primitive sequence  (K  )  of S   in  X

such that each H    C C  .
n      CJn

The following lemma formalizes an argument used repeatedly in a number of

publications of the authors.

Lemma 3.4.  Suppose (K  )  is a primitive sequence of S  in X and (G  )  is a

decreasing sequence of sets such that for each n  there exists y    € G    n S such

that the first element of K     that contains y     includes  G  .   Then there exists a
' '       n J n n

decreasing representative {H )  of (K  ) such that, for each n,  H     is the first ele-

ment of s\     that includes a term of (G  ).
1       n ' n

Proof.  For each n there exists a first  H    en    that includes a term of (G  ).
n n n

For each  n there exists   /' > tz + 1   such that  G . C H    D H     ,.  Let  H denote the

first element of H    that contains  v..  Since  (K  )  is a primitive sequence, H  in-
ri ' 1 n L

eludes the first element  H'  of K . that contains  y ..  Thus  H 3 H   3G..  There-

fore  H does not precede  H  . Since y    € H    it follows that H = H  . Similarly
r n J j n n '

H     ,   is the first element of K     ,   that contains  y .. Therefore  H     . C H  .
rc+1 n+1 Jl n+l n

Definition 3.2 and Lemma 3.5 are introduced only to shorten certain proofs.

Definition 3.2.  A sequence  (V )  of subsets of a topological space has prop-

erty B if and only if  flJV : 77 £ N\  is nonempty and countably compact and   U

open and   U 3 f|j V : n e N\ implies that some   V, C U.

Lemma 3.5.  Suppose X  is a T.-space and (B )  is a decreasing sequence of

subsets of X with property B.  Suppose  {A   )  is a decreasing sequence of nonempty

subsets of X such that for each n some A . C B .  Then  {A   ) has property B.  {A
' ' ; n n y

similar lemma is proved in [15l)

Lemma 3.6.  Suppose X  is a completely regular T.-space.  Then X  is a p-

space {complete p-space)0) if and only if X satisfies condition  ß, (A,).

(5)  The part of Lemma 3-6 relating to complete /¿-space may be proved from Theorem

4 of [l8] and Lemma 3.1.
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Proof.   Let  ßX denote the Stone-Cech compactification of X  and if A C X

(A C ßX) let A   (cl(A)) denote the closure of A   in  X  (in  ßX).  Suppose  X  satis-

fies  A    or  ß,.  Then there exists a monotonically contracting sequence  (y  )  sat-

isfying the appropriate condition of Definition 2.2 or 2.3 relative to X.   By Lemma

3.3, there exists a primitive sequence  (K  )  of X  in  X  such that each K    Cy  .r * 72 72 ^72

There exists a function  D  on ft,   such that if  U eji.,  DiU)  is an open subset of

ßX  suchthat DiU) nX= U.  Let  ©j   denote  \DÍU): U eKjl.  Suppose  fflj, • • •, 8)

have been defined and are collections of open sets of ßX covering  X  such that,

for  k < n, x £ W £ w,   and x 6 X  implies the existence of  W' £ iv     .   such that

x £ W   C W.  Let  CO     ,   denote the collection of all sets of the form  V O U such
72 + 1

that  (7 £ ffl   ,   V  is open in  ßX, V n X £ H     ,, and   (7  contains a point of  V O X

not in any predecessor of  V D X  in ft     ..  Then  (iv )  is a monotonically contract-

ing sequence of collections of open subsets of ßX covering X.  For iv.   covers  X.

Suppose  ll)    covers  X  and x £ U £ U'  .  There exist a first  H £ ft     ,   that contains
rr 72 72 72 + 1

x and an open   V  in  /SX  such that  V n X = H.  Therefore  x £ U n V £ ©     j.  Sup-

pose  (W  )  is a decreasing representative of  (uJ ).   For each  w, there exists x £

W    nX  such that the first element of ft     that contains  x  includes   W    n X.There-
72 72 72

fore there exists, by Lemma 3.4, a decreasing representative  (H  ) of (ft  )  such

that, for each  n.  H     is the first element of ft     that includes a term of (W    C\ X).7 72 72 72

Suppose  ßb  holds and there exists  x £ H{W   : n £ /Vl D X. Then x eC\\H : n £ N\.

Since each H    e Q  , ÍH  ) has property B (see Definition 3.2) and  (]\H   : n e N\
72 cj 72 72 r       r ' n

is compact.  Therefore, by Lemma 3.5, (W    O X) has property B.  Similarly if A

holds there is an x £ fllW   : n £ N] nX and (W   n X) has property B. Suppose in

either case that z £ (]\W ¿ n £ N i and z 4 X.  Then  z 4 E = f| [W^ D X: n £ Ni.

Since  ECfll/l   : 77 £ Ni it is compact.  Hence there is a set  D  open in  /3X  such

that  E CD  and z 4 cl(D).  There exists   &  such that  Wfe O X C D O X.  Therefore

cl (Wk) = cl (W¿ Pi X) C cl (D D X) = cl (D).  But this implies  z £ cl (D), which in-

volves a contradiction.  Hence   (\\W  : n £ Ni C X  so that  X  is a /¿-space or a com-

plete /¿-space accordingly as  ß,   or A,   holds.

Now suppose  X  is nonempty and either a /¿-space or a complete /¿-space. Then

there exists a monotonically contracting sequence  (y   )  of open subsets of ßX

covering  X  and satisfying the condition of Definition 2.4 or 2.5.   By Lemma 3-3

there exists a primitive sequence  (ft  )  of  X  in ßX such that each ft     covers  X

and is a subcollection of  y   .In [16] it is shown that under these conditions there

exists a primitive sequence  (ll) )  of X  in  ßX  of collections of nonempty open sub-

sets of /SX  covering  X  such that: (1) If n < k and x £ X, then if W and  W    are

the first elements of (l)    and  (l), , respectively, that contain x  and  H is the first

element of ft    that contains  x, then  cl(V/') C W n H.  Let  C_.   denote  ffl      If  n >
72 ' 11

1, let  C     denote the collection of all sets of the form  Í/ D W where  W £ W  ,   ('  is
72 72'

open in  ßX and contains a point of  W O X  not in any predecessor of  W  in  (0  ,
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and, for some  w' £ C      ,,  cl (ii) C W'.  For each  n let  §    = \C O X: C £ C  \.  Then

each (-(    covers  X.  Suppose  x £ G e y   .  There exists   C£t    such that  C O X =« rr ^77 77

G.  Let  W  be the first element of U¡     .   that contains  x.  There exists an open

subset U oí ßX such that x € (J and cl(fi) C C.  Then  x £ U n W £ C     ,   and
_ 77 + 1

cl((7 O W) C C.  Hence   ÍJOWnXeg     ,   and  Ü n ffn XCG.  Thus condition (1)^77 + 1 V     '

of Lemmas 3.1 and 3.2 is satisfied.  Suppose  (G )  is a sequence such that  G     .

CG    e y    for all  77.  Then by condition (1) on  (ll)  ) there exists a representative

(W )  of (ll)  )  such that, for each  72,  W     is the first element of  ill    that includes
n n 7 n n

a term of (G  ).  With the use of an argument similar to the proof of Lemma 3.4 it

follows that  cl(W     ,) C W   .   By Lemma 3.4 there exists a decreasing representa-
re + i n J 01

tive  {H )  of (K  )  such that, for each  72,   H     is the first element of K     that in-
n n ' '       n n

eludes a term of  {W  ).   Suppose  there  exists   x   £  C\\G  :  n   £ N\.   Then
n L * n

11 \H  : n £ N S C X  since  X  is a //-space.  Therefore   ¡] \ W  : n £ N\  is compact

and has property B.  Thus   C\\Gn- n £ N\ = f\\G  : n £ N\ = f\{cliGn): n £ N\ is

compact and has property B by Lemma 3.5 and  X  satisfies  ß,   by Lemma 3.2.   If

X  is a complete //-space then   \\\H  : n £ N\ C X  and the argument just used to-

gether with the assumption that each  G    f¿ 0 shows that  Í1ÍG   : n £ N\ is com-

pact and has property B.  Thus  X  satisfies  A    by Lemma 3.1.

Lemma 3.7.  Suppose f is a closed continuous mapping of a T.-space  X  onto

a space Y. Suppose y £ Y is such that for any open U containing y there is a sequence

(V )  of open sets containing y such that any representative of {V ) has a cluster

point in  U and if K   is a collection of open sets in X  covering  B = Ft{f~ (y))

there exists a point-countable collection of open sets covering  B  and refining K.

Then every collection of open sets covering  B   includes a finite subcollection J

such that i[JcJ)u f~   (y)  is open.  If X  is also regular, then B   is compact.

Proof.   Let  M  denote / ~   (y).  If the conclusion is not satisfied there exists

a point-countable collection  y  of open sets covering  B  such that U H uM  is

not open for any finite K C y.  For each  x £ U y  let  a(x)  denote an infinite

sequence such that  G  is a term of  a(x)  if and only if x £ G £ y.  Since  / is

closed, there exists an open set  D  in  X  such that  D - f~  /(O)  and  M C D C

U y U Int M. Therefore y £ f{D). Let  (V ) denote a decreasing sequence as described

in the hypothesis relative to y and f{D) with   V. C f{D).  There exists a sequence

(xn) such that Xj 6 (/-1(Vj)\m) n U §  and, for each 72 > 1,

xn £ [C/-Hvn)\M)nU§]VuV Hi/Up H

and, for each 72, x .is not in any of the first 72 terms of any of a(x.), • • • ,

a(x ). Since M is not open, there exists x. £ f~ (V.)\M. Assume x.,..-, x

have been defined.   Let  S  denote the collection of the first  72  terms of each of
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a-ix.), • ■ • , ctix  ).  Then U J" U M  is not open.  There exists  G £ )j  such that

AiG) = if~liVn + l) O G)\  (j   /'Hl/U.)!] ÍÍ U? U M.

For otherwise   B C \J\AÍG): G £ yM C (J ?U  M which implies that IJ^ U M  is

open.  Select x     .  £ A(G)\(U j U M).  The sequence  (/(x  )) has a cluster point

in /(D).  Since / is closed, (x  ) has a cluster point  w € D.  Since  w 4 Int M, there

exists   G £ y  such that  w € G.  Since some  x    £ G, there exists   /' such that  G  is

the   /th term of  o.(x ).  There exists   ??i > max(«, /)  such that x     £ G.  Since x     is
' 72 'mm

not in the first  m — 1   terms of  a(x  )  this involves a contradiction.   It is straight-

forward  to  show  that  if    X    is  regular and    M    is   a  closed  subset  of  X  such

that every collection of open sets covering  Fr(M)  includes a finite subcollection

J"  such that U Í U M  is open, then  Fr (M)  is compact.

Lemma 3.8. Suppose (X, a) and ÍY, r) are topological spaces, Y is T^, and f is a

peripherally compact closed continuous mapping X onto Y. Suppose that (C ) is a

primitive sequence of X  in X such that each C    Co.

Then there exists a sequence (ft  )  of well-ordered subcollections of r cover-

ing  Y and sequences (M  ) and (U  )  of functions such that for each n £ N:

(PI)  The domain of M     is ft    and its ranee is included in  Y.   For all H £ ft   ,
' 72 72 ° 72'

M (H)  is a point of H not in any predecessor of H.  If y € Y and \y\  is open then

\y\ e ft    and M  ({yi) = y.

(P2) ¡f y € Y,  je N, 7 < n, and H and H    are the first elements of ft . and

ft  , respectively, that contain y  then H 3 H .  If X  is regular and T0,  H D H .

(P3)  The domain of  U     is the collection of nondegenerate elements of ft

and its range is included in the collection of all finite subcollections of T,  If H

is in the domain of U   ,  U  (H) covers both  Fr(/_1(M  (//))) ßW/-1(W)\/_1(M (f/)).; 72' 72 ' 72 ' ' 72

Also each  U £ ll  (¿7)  contains x £ Fr(/-1(M  (//))) such that if k < n and H'   is
n ' n '

the first element of ft,   that contains  M  ÍH)  then  U   £ U,(/V ) and x £ U    implies

U C f~liH') n [/'.   // X   ¿s regular and TQ  then  U C /-1(/7') O [/'.  Furthermore,

each  U £ 11  (H) contains z such that the first element of C    that contains z  in-
ri ' ' 72

eludes   U.

Proof.  It will be assumed that both  a and the family 0 of all finite subcol-

lections of a aie well ordered.  Let  <_  denote a well ordering of   V  such that if

y £ V  and  Syi is open then  y precedes  (in the  <_   sense) every element of  V

which does not have the same property.  Suppose there exist well-ordered collec-

tions ft .,•••, ft ,, functions  M,, • • • , M, , and functions   U,, • • ■ , U ,   satisfying

(PI)—(P3) for all  n < k and let  <,_,   be a well ordering of  Y.  Define an ordering

<,   in   y as follows:  If y, y   6 Y and H and  H    ate the first elements of ft,   that

contain y  and y    respectively, then y <,  y    if and only if either (I) H precedes
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H'  in H,   or (2)  H = H    and y <,_, y' ■  It may be seen that  <,   well orders   Y.   Let

Y,   denote   Y  under this ordering.  Now a sequence function g  of type   Y,   in  r  is

to be defined [5].   For  y £ Y,   let  s(y) = \z £ Y ,'■ z <, y\.  Suppose  y £ Y,   and   t:

s{y) —► t.  If  \y\ is open, let  g{t) = jy|.  If  \y\  is not open, consider two cases.

Case (i).   There exists z £ s{y) such that y £ t{z). Let  y    denote the first such  z

in   Y    and let g{t) = t{y ).  Case (ii).  // z <   y then y 4 t{z). Let  H . denote the

first element of H. that contains   y.  Let  M  denote  Fr (/ ~   (y))  and suppose  x £ M.

Let  W  denote the intersection of all sets of \l .{H .) that contain x  for   1 < / < k
1     ) -

and let  V denote the first element of C ,    ,   that contains  x.  There exists a first
fe + i

U x  in  o such that xefJ^CWnVn/-   (Hfe).  If  X  is regular and  Tn, it may also

be required that  U    C W O V O f~1ÍH¡).  Since  Fr(/_1(y))  is compact, there exists

a first element ll  of 0 that is a subcollection of  \U   : x £ Ml  covering  M.  Define

g(z)  as   \z £ Y: f~l{z) cU'Uu Int /"'(y)!.  Since  / is closed, g{t) £ r.   By the

transfinite recursion theorem there exists a unique function   11:  Y, —» t  such that

l!{y) = giU\siy))  for all  y e Yfe.

For every  H  in the range of  U, let  AL    .(//) denote the first element of   Y.

such that  l'(M,    .(#)) = H.  Then M     j   is a one-to-one function on the range of  (/

into  Y,.  This permits the definition of a well ordering ■< by  Í7 -< H    if and only if

M,    AH) <,  M,    Ah') foi  H, H    in the range of  (/.  Call the resulting well-ordered

set  K,    ,.
* + I

1. If y <k Mk   j(H) then  Mfe   j(w) ^ l/(y).  For if Mfe   j(/V) e f/(y)  there exists

a first  z es(Mt  Ah)) such that  M,    ,(/V) e Uiz).  Thus   H = fj(M,    .(H)) =
fe+1 e + l fe + 1

g{U I s(M;fe + 1(//))) = Í7 I s{Mk + liH)){z) = Uiz) contrary to the definition of  Mjfe + j(W).

2. If y e Y    the first element  H  of K     ,   that contains  y  is   (7(y).  For y e

Í7(y)  since  g{U \ siy)) = Uiy)  contains  y.   If  H -< (i(y)  and  y £ H  then  y e

lKMÈ   .(//»  where  M^ + 1(t7) <fe y.   For  Mfe   j(ff) <fc y  and y ¿ Mfe   j(W) since  H ¿

U{y).  By definition of g, Case (i), Uiy) = Í7(z) for the first  z <, y  such that y £

Uiz).  From the definition of z,  z = M     j(l/Gr)) <¿, M^,   ,(W).  Thus   Lliy) = l)iz)-±H

""\ (Ay)  which is a contradiction.

Suppose  y ff,   and  jy| is open.  Then   (/(y) = iy! and  M,    j(lyl) = y.   From

this and 2 it follows that (PI) is satisfied.  To show that (P2) is satisfied suppose

y £ Y and  H and  H    ate the first elements of K,   and K,    1   respectively that con-

tain y.  Let  G be the first element of K,   that contains  M,    ,(/i'). Since  H' =

U{Mk + liH')) = giU I sifAk+liH'))) it follows from the definition of g that  G^fi'  (if

X  is regular and   TQ, G D H').  Therefore  y £ G so that  H -< G.  If  H < G, then  y <,

Mk   j(W ).  Since 2 implies that   Uiy) = W , this is impossible.  Therefore  H = G.

To show that (P3) holds, consider any nondegenerate element  H  of H,    ,,

There exists, by the definition of g, a first ll 6 $ such that  H = \z £ Y: f~ 1iz) C

Uli u Int f-1{Mk + liH))\.  Let ll,   ,(/f) denote  ll.  Then llfe   j(W)  is finite and

covers  Fr (/ " 1(Mjfe + 1(w))) and / " '(^X/" 1(Mjfe + 1(w)).  If  U e U       (tf) then  (7 = (Jx
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for some x £ Fr (/ ~   (AI,    ,ÍH))).  If   /' < k + 1   and  H'  is the first element of ft.
' fe + I ' !

that contains  AI,    ,(W)  and   U   £ U  ÍH ) contains  x then the definition of  e. Case
7 °'

(ii), shows that   (V  =(7C i/nVn/-   (//') where   V  is the first element of  (?,    j

that contains  x.   In the regular  TQ   case   U C {/' H  V n /"   (//').   It follows that (P3)

is satisfied.  From the definition of g  it should be clear how to obtain ft,, M,   and

llj   such that the applicable parts of (PI)—(P3) hold.  Thus, by mathematical induc-

tion, the sequences exist.

4. Proofs of theorems.

Proof of Theorem 2.1.  Since the space  X  is assumed to be regular and  T„

the same is true of   Y.  Thus it suffices to show that   y  has a monotonically con-

tracting  sequence satisfying the appropriate conditions of Lemmas 3.1 and 3.2 when-

ever   X has one.  Suppose  X  has a sequence (y )  satisfying the appropriate con-

ditions  of Lemmas 3.1 or 3.2 accordingly as  X  satisfies  A  , A  , ß     or ß  .  There

exists   a primitive sequence (C   ) of X  in X  such that each C    C ¡y    by Lemma

3.3.   By Lemma 3.8 there exists a sequence  (ft  ) with properties (PI)—(P3) rela-

tive  to / and  (C  ).   Let ffl    denote ft,.  If (0,,..., (0    have been defined let
1 n 1 1 I 72

(l)    ,    denote the collection of all sets of the form   U C\ H where  H £ ft     ,, U  is
72 + 1 72 + 1'

open,   U contains a point of  H  not in any predecessor of H  in ft     ,, and for some

H    £ ft   ,   U C H .  By an argument used in the proof of Lemma 3-6 it may be seen

that each U-    covers   Y and if v e W £ III    there exists  W' £ (('     ,   such that  y £ W
_ 72 J 72 72 +1 J

and   W   C W.  It is assumed that  X 4 0  and that no element of ft,   is empty.  It fol-

lows that all elements of each  u<    are nonempty.

I. Suppose  (IV  )  is a representative of (CO )  such that each  W     , C W .  For
rr 72 r 72 72 + 1 72

each   re there exists a first H    £ft     that includes a term of (W ).  By Lemma 3.4,
72 72 72 > '

(H )   is decreasing.  Suppose  n < k.  If H  is the first element of ft    that contains

M AH.)  then  H 2 H,.  Therefore H  does not precede  H  .  Since  H    3 H,   it follows
K        R. FL A 72 72 fe

that   H = H     and H    3(7,.  If some  W    = \y\ tor y £ Y then  C\\W  : n € N\ = ¡yS
72 72 fe 72 J } 72 ■   '

and   \\V  :  n £ Ni  is a base at  !yi.  Thus it may be assumed that no   W     is of this

form.

II. Suppose  ß    holds and there exists  y e(\\W  : n £ Ni.  Then y £ / =

C\\H  :ne N\. Let  C    denote /_1(A1 (W )) and ll    denote ll {H ). Suppose x £ Fr(/~ Ky)).
72 n ' 72       72 72 72       72 rr ; J

With the use of (P3) and König's lemma [8] or [ll, p. 47] it may be seen that there

exists a sequence  ÍU  ) such that, for all n,  U     , C f    n f~  ÍH  ) and  x £ U    £^ 72 72 + 1 72 ' 72 72

ll   .  By (P3) for each  n there is a first A    £ C    that includes a term of (U )  and
72 J 72 72 72

by Lemma 3.4, (A   )  is decreasing.  It follows from Lemma 3.5 and the fact that

each C    CL    that (¡J ) has property B.  For each  n there exists  x    £ U   n C  .
n       ^ n n r     r        ' n n n

The sequence  (x ) has a cluster point  u £ C\\U  : n £ NÎ.  Therefore  fiu) £1 72 r 72 ;

Ç\\fiU): n £N\C ].  Let  C denote  /_1(/(«)).  Suppose   W is open and   W1J.

Then  C C f~  iw).  For each z £ Fr(C), with the use of König's lemma, (P3), and
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a representative of  (C  )  as above, there exists a sequence  (V ) with property B

such that each  V   € U  ,  V    , C V   C f'H.H  ),  and z £ fliV : 72 e N ! C f~AW).
n n'      77 + I n      ' n '  '     n '

Then for each z £ Fr (C) there exists  f and  U £ U . such that z £ U C f~   {W).

Since  Fr(C) is  compact  there  exist   k and a subcollection  J'  of   U( U ••• U U,

such that  Fr(C) C U iDc/'Ow).  Let  H denote iy £ Y: f~Hy) C U 3) U Int(C)|.

Then  H  is open and  u £ f~   ÍH).  Therefore, for some  / > k,  x .  £ f~   (w) and thus

C . C U 3) U Int (C).  If  U £ U .,   U    contains  x e Fr (C . ) such that if  n < j any

element of 11     which contains  x includes   U.  Thus    (J 11. C U j) and  /"   (W.) C
n 1 ' 1

U U    uC.C '"   (w).  It follows that any open set which includes  /  includes some

H,. Suppose  M   is an infinite subset of /.  If M   includes an infinite subset of

\M ÍH  ): n £ N\ then  M  has a limit point as follows from the fact that (x  ) has a
n      n r n

cluster point.   If  M  contains no such subset then, for each  n, f~   (M)  includes an

infinite subset of f ~  {H )\!C, : k £ N\.  Therefore, for each  72, the set 11    = \U £
' n k. n

11 : \fiU) oM| > X j is not empty. By Kô'nig's lemma there exists a sequence  {U )

such that each  U     , CÍ/    £ ll   .   It follows as above that II i U   : n £ N\ has prop-
n + 1 77 77 77 rr

erty B.   There exists a sequence  (y  )  of distinct points such that each  y     £ M  O

/((i  ).  If y    = /(z  ), where  z    £ U  , there is a limit point z  of  !z   : n £ N\ be-'        77 y 77       '       77 7777 r 77

longing to  (]\U   : n £ Ni.  Therefore  /(z)  is a limit point of  M, so that  /  is count-

ably compact and thus has property B.   It follows from Lemma 3.5 that |) \W : n £ N\

is countably compact and has property B.   Therefore   Y  satisfies  ß     if X does.

Suppose  X  satisfies  ß,   and (f  is a collection of open sets covering  /.   If x £

f~  i])\\C,: k £ N\ there exists a sequence  {U )  such that x £ U     , C U     , C U
' ' k » n 77 + I 77 + 1 77

and   U    e ll     for  all 72.   Each  (]\U  : n £ N\ is a compact subset of / ~   (/).  Thus

/"   (/)\!C, : /é £ N I  is covered by countably many compact subsets of / ~   (/).   It

follows that /"   (/)  is covered by countably many elements of /"   ((1).   Therefore

/  has the Lindelöf property and, since it is   T.   and countably compact, it is com-

pact.  Thus   f|SW   : 72 £ N\  is compact so   Y  satisfies  ß,.

III. If A (A ) holds, then, using part of the argument of II, there exists y £

(\\W : 72 e Ni. Then the argument of II shows that I) \W : n £ N\ has property B

(and is compact in case A ), and therefore   Y  satisfies  A (A ).

Prool of Theorem 2.3.  If  X  is a completely regular  Tfi //-space it satisfies

jS,   by Lemma 3.6.  Therefore   Y  satisfies  ß,   by Theorem 2.1.  Since   Y  is com-

pletely regular and  TQ  it is a //-space by Lemma 3.6.  A similar argument proves

the second part of the theorem.

Proof of Theorems 2.2 and 2.4.  Under the hypothesis on /, X, and   Y  it follows

from Lemma 3.7 that / is peripherally compact.   Thus the results follow from

Theorems 2.1 and 2.3.

Proof of Theorems 1.1 and 1.2.   These theorems are corollaries to the proposi-

tions of I and II of the introduction and Theorem 2.1.
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